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APOSt • TR . 89-0418
Abstract

Research under this program is aimed at setting out criteria for the ability

to lump or reduce complex combustion kinetics systems. Research during this first

phase of the project primarily focused on well stirred chemically reacting systems

described by ordinary differential equations. The complexity of this problem

necessitates a multi-faceted approach and three principal avenues of pursuit were

considered. First, the tools of sensitivity analysis were employed to indicate

particular portions of a chemical mechanism of importance as well as those which

may be eliminated. In carrying forth this approach, an interesting and surprising

level of scaling and self similarity was observed amongst the sensitivity

coefficients strongly implying an ability to lump and reduce the models. Secondly,

the rigorous criteria for lumping under a class of linear projective trans-

formations were established. These criteria have utilities for a wide variety of

nonlinear kinetic systems as well as other applications. Finally, a fully

nonlinear approach to lumping and general system reduction was developed based on

Lie group techniques. Each of these three approaches has its own realms of

application and the research under this effort has clearly set the foundation for

further development aimed ultimately at practical applications.
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Summary of Research Activities

Given below is a synopsis of the research carried out under this program.

Each section summarizes a component of the research. The superscripts appearing in

the section titles refer to specific papers which have appeired on these subjects.

These references are summarized on page 8 of this report.

1. Scaling Relations and Self-Similarity Conditions in Strongly Coupled
Dynamical Systemsl

Dynamical equations arising in a number of physical areas typically involve

many dependent variables as well as numerous parameters. In some cases these

equations may contain a dominant dependent variable (e.g., the temperature in flame

systems, etc.), and the consequences of such an identification are examined in this

paper. Particular emphasis is placed on the behavior of dynamical Green's

functions and system sensitivity coefficients with respect to the parameters

residing in the particular model. In the case of a single dominant dependent

variable for a system of ordinary differential equations, it is possible to reduce

the Green's function matrix to knowledge of one of its columns and often to one

independent element. Furthermore, when there are N dependent variables and H

parameters, the N x M matrix of sensitivity coefficients reduces to knowledge of

only two characteristic vectors of lengths N and H, respectively, These various

reductions are referred to as scaling relations and self-similarity conditions.

The consequences of a dominant dependent variable are illustrated with examples

drawn from various areas of combustion and kinetics modelling. A brief discussion

in the Appendix is also presented on similar organizing principles in multidominant

dependent variable systems and cases described by partial differential equations.



3

2. A General Analysis of Exact Lumping in Chemical Kinetics2

A general analysis of exact lumping is presented. This analysis can be

applied to any reaction system with n species described by a set of first order

differential equations dy/dt - f(y), where y is an n-dimensional vector; f(y) is an

arbitrary n-dimensional function vector. Here we consider lumping by means of an

fnxn real constant matrix H with rank fi(<n). It is found that a reaction system is

exactly lumpable if and only if there exist nontrivial fixed invariant subspaces M

of the transpose of the Jacobian matrix JT(y) of f(y), no matter what value y

takes and the corresponding eigenvalues are the same for JT(y) and JT(MH y). Here

the rows of M are the basis vectors of H and H is any generalized inverse of M

satisfying M T - In with In being the n-identity matrix. The fixed invariant

subspaces of jT(y) can be obtained either from the simultaneously invariant

subspaces of all Ak, where the Ak's form the basis of decomposition of jT(y), or by

determining the fixed Ker(Wi(JT(y) - AiIn)ri wj[(orj + rj) In - 2orjJT(y)

+ (JT(y))2] J), where Ai, oj ± irj are the real and nonreal eigenvalues of jT(y)

and Aij and tj are usually functions of yi and rj are non-negative integers. The

kinetic equations of the lumped system can be described as dy/dt - Mf(My). This

method is illustrated by some simple examples.

3. Identifiability and Distinguishability of First-order Reaction Systems3

By following the kinetics of a reaction through the use of certain classes of

measurable quantities instead of the concentration of all species, neither the

parameter values nor the reaction scheme is necessarily unique. Identifiability

deals with the problem of determining whether an experiment is able to supply the

desired information on the parameters of an assumed kinetic model, whereas

indistinguishability means that two different reaction schemes generate the same

values for the observed quantities in any possible experiment. This paper examines
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these issues for the case of first-order reaction systems, and both problems are

solved by the same analytical tools. The method involving Laplace transforms is

conceptually simple, is easy to apply, and is also used to derive simple rules to

test distinguishability of reaction schemes. Another approach based on similarity

transformations is used to generate all the first-order reaction schemes that are

indistinguishable from a given one.

4. Parameter Space Mapping of First-Order Linear Ordinary
Differential Equations

4

A Lie group formalism for global parameter space mapping of ordinary

differential equations, described in a preceding paper, is developed here. The

need for such mapping arises in a variety of physical contexts. The procedure is

demonstrated on, but not restricted to, the system of coupled equations * - cx.

The Lie group generators are obtained exactly from both the time-independent and

time-dependent generating equations. The transformations obtained from these

generators leave the system of differential equations invariant. The

time-indpendent transformations map any solution of the linear system k - xc into

any other solution with the same frequency or time constant. The time-dependent

transformations interconvert solutions with different frequencies and/or small time

constants. Any solution of k - xc can be mapped into any solution of k - c'x.

Thus the behavior of x(t) can be examined as a function of changes in any of the

system parameters, or in the initial conditions, x(O). As an example, one of the

time-dependent mappings demonstrates the continuous transformation of oscillator

solutions into nonoscillatory ones, and vice versa.
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5. Global Sensitivity Analysis of Nonlinear Chemical Kinetics Equations
Using Lie Groups: I. Determination of One-parameter Groups

5

We introduce one-parameter groups of transformations that affect vide-ranging

changes in the rate constants and input/output fluxes of homogeneous chemical

reactions involving an arbitrary number of species in reactions of zero, first and

second order.

Each one-parameter group is required to convert every solution of such

elementary rate equations into corresponding solutions of a one-parameter family of

altered elementary rate equations.

The generators of all allowed one-parameter groups are obtained for systems

with N species using an algorithm which exactly determines their action on the rate

constants, and either exactly determines or systematically approximates their

action on the concentration. Compounding the one-parameter groups yields all

many-parameter groups of smooth time-independent transformations that interconvert

elementary rate equations and their solutions.

6. Complications of One-Step Kinetics for Moist CO Oxidation
6

The one-step reaction mechanism, CO + h 02 - CO2 with

d[CO]/dt - -kov[CO]a[H20]b [021c

which is frequently used in combustion problems when simplified chemistry is

necessary, is numerically studied in order to (i) define its limitations (and

therefore usage) and (ii) understand the chemical and physical reasons for these

limitations. The analysis is carried out with the aid of a validated

comprehensive, elementary reaction mechanism for moist CO oxidation and by

specialized sensitivity coefficients which correlate the parameters of the global

model to the parameters of the elementary model. The results confirm many of the

previous, empirically derived, literature models and show the overall rate
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constant, as a function of temperature, to exhibit non-Arrhenius kinetics and to be

dependent on pressure and mixture equivalence ratio. More importantly, models

derived from temporally reacting systems are shown to be improper for use in

modelling systems reacting with transport phenomena. The specialized sensitivity

coefficients are used to explain these complex behaviors in the overall model. For

the temporal system, these coefficients show that the global model must be able to

account for dissociation and equilibration at high temperatures, for explosion

phenomena in the intermediate temperatures, and for reaction of carbon monoxide

with both the hydroxyl radical and hydroperoxy radical at low temperatures.

Lastly, methods for modifying the existing model or for developing a new model are

suggested.

7. Elementary Model Reduction of Carbon Monoxide Kinetics

In our previous studies, normalized elementary sensitivity coefficients have

been used to determine the relative importance of elementary reactions or certain

groups of reactions in comprehensive mechanisms. In this study, we have extended

this methodology by using the principal component analysis method in order to

systematically reduce the size of the original comprehensive mechanism. Briefly,

this methodology is based on a least squares fit approach by first defining the

response function, Q, as:

a m CjL(tJ,S) - Cj.(tj,*) 1

J- i cj(tJ

where a* is the nominal values of the parameters, then by introducing the classical

Gauss-approximation to yield Q (2) - q(S) - (&a)TSTS(AC) where aj - In aj, and

finally by performing an eigenvalue-eigenvector decomposition on the resulting

cross-product matrix STS. Eigenvectors corresponding to small eigenvalues



7

indicate unimportant reactions, thereby enabling one to optimally reduce the

mechanism.

Along these lines, we have continued our previous work by applying this

methodology to the CO/H2/02 reaction mechanism. A large number of isothermal

temporal problems were numerically run to generate a data base which would be

representative of combustion environment. The data base covered a temperature

range from 800 to 1800 K, several equivalence ratios from lean to rich conditions,

and several pressures. The principal component analysis was applied to this data

base to determine the minimum reaction set that would reproduce all the original

species concentrations within 2%.

The results showed that the original 52 reaction mechanisms could be

successfully reduced to one consisting of 27 reactions while retaining all 12

species in the model.

Obviously, this reduction is still not practical for use in large

multidimensional codes. The necessary further reductions are proceeding along

several directions. First, the constraint of retaining all species will be

lifted. Our earlier research has shown that in addition to the major reactants and

products, two intermediate species are necessary in the model. Secondly, we have

also found that in more complex environments, such as adiabatic premixed flames,

the underlying chemical processes are much more coupled (namely through the heat

release of the reaction) and hence, such problems are anticipated to be more

directly lumpable.
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